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a b s t r a c t
Let N denote the set of all nonnegative integers. Let W be a
nonempty subset of N. Denote by F ∗(W ) the set of all finite,
nonempty subsets of W . Let A(W ) be the set of all numbers of
the form
∑
f∈F 2f , where F ∈ F ∗(W ). Let N = W1 ∪ W2 be a
partition with 0 ∈ W1 such that W1 and W2 are infinite. In this
paper, we prove that A = A(W1) ∪ A(W2) is a minimal asymptotic
basis of order 2 if and only if either W1 contains no consecutive
integers or W2 contains consecutive integers or both. We resolve
three problems on asymptotic bases of order 2 which had been
posed by Nathanson.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let A be a set of nonnegative integers. Let h ≥ 2. Denote by hA the set of all numbers n of the form
n = a1 + a2 + · · · + ah, where a1, a2, . . . , ah are elements of A and are not necessarily distinct. The
set A is called an asymptotic basis of order h if hA contains all sufficiently large integers. An asymptotic
basis A of order h isminimal if no proper subset of A is an asymptotic basis of order h. This means that,
for any a ∈ A, the set Ea = hA \ h(A \ {a}) is infinite. Stöhr [10] introduced the concept of minimal
asymptotic bases. Härtter [2] andNathanson [6] proved thatminimal asymptotic bases of order h exist
for all h ≥ 2.
The counting function of the set A is the function A(x), defined as the number of positive elements
of A not exceeding x. If A is an asymptotic basis of order h, then A(x) > c1x
1
h for some constant c1 > 0
and all x sufficiently large. An asymptotic basis A of order h is called thin if there is a constant c2 > 0
such that A(x) < c2x
1
h for all x sufficiently large.
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Let A be an asymptotic basis of order h. Let Ea(x) be the counting function of the set Ea. We know
that Ea(x) ≤ (A(x) + 1)h−1. An asymptotic basis A of order h is strongly minimal if for every a ∈ A
there exists a constant c = c(a) > 0 such that Ea(x) > c(A(x))h−1 for all x sufficiently large. Erdős
and Nathanson [1] have published a survey of open problems on minimal bases in additive number
theory.
LetN denote the set of all nonnegative integers, and letW ⊆ NwithW ≠ ∅. Denote byF ∗(W ) be
the set of all finite, nonempty subsets of W . Let A(W ) be the set of all numbers of the form
∑
f∈F 2f ,
where F ∈ F ∗(W ). It is clear that 0 ∉ A(W ). Nathanson [7] proved the following theorems.
Theorem A. Let h ≥ 2. For i = 0, 1, . . . , h − 1, let Wi = {n ∈ N | n ≡ i(mod h)}. Let A =
A(W0) ∪ · · · ∪ A(Wh−1). Then A is a thin, strongly minimal asymptotic basis of order h.
Remark 1. Stöhr [9] and Raikov [8] proved that A ∪ {0} is a thin asymptotic basis of order h.
Theorem B. Let N = V∪W,where V∩W = ∅. Suppose that V contains no two consecutive integers, that
0 ∈ W, and that w1, w2, . . . , ws are distinct elements of W such that wi − 1 ∈ W for i = 1, 2, . . . , s.
Define a∗ ∈ A(W ) by a∗ = ∑si=1 2wi . Let A = A(V ) ∪ A(W ). Then A \ {a∗} is an asymptotic basis of
order 2. In particular, A is not a minimal asymptotic basis of order 2.
Nathanson [7] posed the following open problems.
1. Characterize the partitionN = W1∪· · ·∪Wh such that A =hi=1 A(Wi) is a minimal asymptotic
basis of order h.
2. Let N = W1 ∪ · · · ∪ Wh be a partition such that each set Wi is a union of intervals; that is, if
w ∈ Wi, thenWi contains eitherw − 1 orw + 1 or both. Is A =hi=1 A(Wi)minimal?
3. Under what conditions is an asymptotic basis A of the form A =hi=1 A(Wi) strongly minimal?
In this paper, we resolve these problems for h = 2 and partially for h ≥ 3.
Theorem 1. Let N = W1 ∪ W2 be a partition with 0 ∈ W1 such that W1 and W2 are infinite. Then
A = A(W1)∪A(W2) is aminimal asymptotic basis of order 2 if and only if either W1 contains no consecutive
integers or W2 contains consecutive integers or both.
Remark 2. If neither W1 nor W2 contains consecutive integers, then by Theorem A, we have A =
A(W1) ∪ A(W2) is a minimal asymptotic basis of order 2. IfW1 contains consecutive integers andW2
contains no consecutive integers, then by Theorem B, we have A = A(W1) ∪ A(W2) is not a minimal
asymptotic basis of order 2.
Theorem 2. Let h ≥ 2. Let N = W1 ∪ · · · ∪ Wh be a partition such that Wi ≠ ∅ for 1 ≤ i ≤ h. Then
A = A(W1) ∪ · · · ∪ A(Wh) is a thin asymptotic basis of order h if and only if Wi(x) = 1h x + O(1) for
i = 1, . . . , h.
Theorem 3. Let N = W1 ∪ W2 be a partition such that W1 and W2 are infinite. Suppose that A =
A(W1)∪A(W2) is a minimal asymptotic basis of order 2. Then A is strongly minimal if and only if A is thin.
Theorem 4. Let h ≥ 2 and r be the least integer with r > log h/ log 2. Let N = W1 ∪ · · · ∪ Wh be
a partition such that each set Wi is infinite and contains r consecutive integers for i = 1, . . . , h. Then
A = A(W1) ∪ · · · ∪ A(Wh) is a minimal asymptotic basis of order h.
From Theorem 4 we immediately have the following corollary.
Corollary 1. Let N = W1 ∪ W2 ∪ W3 be a partition such that each set Wi is infinite and contains two
consecutive integers for i = 1, 2, 3. Then A =3i=1 A(Wi) is a minimal asymptotic basis of order 3.
Remark 3. Jia and Nathanson [4] (see also [5] and [3]) proved Theorem 4 under the assumption
that each set Wi contains infinitely many intervals of r consecutive integers. In Theorem 4, it is only
required that each setWi contains one interval of r consecutive integers.
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2. Preliminary lemmas
Lemma 1 ([7, Lemma 1]).
(a) If W ⊆ N and W (x) = θx+ O(1) for some θ ∈ (0, 1], then there exist two positive constants c1 and
c2 such that
c1xθ < A(W )(x) < c2xθ
for all x sufficiently large.
(b) Let N = W1 ∪ · · · ∪Wh, where Wi ≠ ∅ for i = 1, . . . , h. Then A = A(W1)∪ A(W2)∪ · · · ∪ A(Wh) is
an asymptotic basis of order h.
Lemma 2 ([7, Lemma 2]). Let w1, . . . , ws be s distinct nonnegative integers. If
s−
i=1
2wi =
t−
j=1
2xj ,
where x1, . . . , xt are nonnegative integers that are not necessarily distinct, then there is a partition of
{1, 2, . . . , t} into s nonempty sets J1, . . . , Js such that
2wi =
−
j∈Ji
2xj
for i = 1, . . . , s.
In this section, from now on, we always assume that V and W are two infinite subsets of N such
that N = V ∪W and V ∩W = ∅. Let A = A(V ) ∪ A(W ). For any a ∈ A, denote Ea = 2A \ 2(A \ {a}).
Lemma 3. Let A = A(V ) ∪ A(W ). Suppose that either 0 ∈ V or V contains consecutive integers or both.
Then for any a ∈ A(W ), there exist two positive constants ca and xa such that
Ea(x) ≥ caA(V )(x), x ≥ xa.
Proof. Let V = {v1, v2, . . .} with v1 < v2 < · · ·. If 0 ∈ V , let j0 = 1. If 0 ∉ V , let j0 be the least
positive integer with vj0+1 = vj0 + 1. Take an integer t0 such that t0 > j0 + 1 and 2t0 > a. Let F be a
finite subset of {vt0+1, vt0+2, . . .} and let n = a + 2v1 + 2v2 + · · · + 2vt0 +
∑
v∈F 2v . Now we prove
that n ∈ Ea.
Suppose that n = a1 + a2 with a1, a2 ∈ A. We shall prove a1 = a or a2 = a. Since the binary
representation of n is unique, we have a1 = a or a2 = a if either a1 ∈ A(W ), a2 ∈ A(V ) or
a1 ∈ A(V ), a2 ∈ A(W ). Now we assume that a1, a2 ∈ A(W ) or a1, a2 ∈ A(V ).
Case 1. a1, a2 ∈ A(W ). By Lemma 2 and 2v1 ∉ A(W ), there exist a′1, a′2 ∈ A(W ) such that
2v1 = a′1 + a′2 ≥ 2. So v1 ≥ 1. Again, by Lemma 2 and 2vj0+1 ∉ A(W ), there exist a′′1, a′′2 ∈ A(W )
such that
2vj0+1 = a′′1 + a′′2.
Since vj0 , vj0 + 1 ∈ V , we have vj0 , vj0 + 1 ∉ W . Thus
a′′i ≤ 1+ 2+ 22 + · · · + 2vj0−1 = 2vj0 − 1, i = 1, 2.
Hence 2vj0+1 = a′′1 + a′′2 ≤ 2(2vj0 − 1), a contradiction.
Case 2. a1, a2 ∈ A(V ). By Lemma 2, there exist a′1, a′2 ∈ A(V ) ∪ {0} such that
a+ 2v1 + 2v2 + · · · + 2vt0 = a′1 + a
′
2 ∈ A(V ).
Since a ∈ A(W ), 2vt0 > a, and 2v1 + 2v2 + · · · + 2vt0 ∈ A(V ), we have
a′1 + a′2 = a+ 2v1 + 2v2 + · · · + 2vt0 ≤ 2vt0+1 − 1.
It follows that a′1 < 2
vt0+1. Thus
a′2 = a+ (2v1 + 2v2 + · · · + 2vt0 − a′1),
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a contradiction with a ∈ A(W ), 2v1 + 2v2 + · · ·+ 2vt0 − a′1 ∈ A(V )∪ {0} and a′2 ∈ A(V ). Nowwe have
proved that n ∈ Ea.
For x > 2vt0+2 , let 2vs ≤ x < 2vs+1 . For F ⊆ {vt0+1, . . . , vs−1}, we have a + 2v1 + 2v2 +
· · · + 2vt0 + ∑v∈F 2v ≤ 2vs−1+1 − 1 ≤ 2vs − 1 < x. Hence Ea(x) ≥ 2s−1−t0 . On the other
hand, if F ′ ⊆ V with ∑v∈F ′ 2v ≤ x, then F ′ ⊆ {v1, v2, . . . , vs}. So A(V )(x) ≤ 2s. Therefore
Ea(x) ≥ 2s−1−t0 ≥ 2−t0−1A(V )(x).
This completes the proof of Lemma 3. 
Lemma 4. Let A = A(V )∪A(W ). Then for any a ∈ A(W ), Ea(x) ≤ 2A(V )(x)+Oa(1) for all x sufficiently
large.
Proof. Let n ∈ Ea, n ≤ x. Write n = a + b, where b ∈ A(V ) or b ∈ A(W ). It is clear that b ∈ A(V )
contributes at most A(V )(x) to Ea(x).
Now, we shall prove that b ∈ A(W ) contributes at most A(V )(x) to Ea(x).
Write a =∑ti=1 2wi , b =∑si=1 2w′i , wherewi, w′i ∈ W , w1 < · · · < wt andw′1 < w′2 < · · · < w′s.
If w′s < wt + 2, then such b contributes at most 4a to Ea(x). So we can assume that w′s ≥ wt + 2.
Suppose that s ≥ 2. If∑s−1i=1 2w′i ≠ a, then n = (∑ti=1 2wi + 2w′s)+∑s−1i=1 2w′i . It contradicts n ∈ Ea. So
we have
∑s−1
i=1 2
w′i = a, namely b = a+ 2w′s . It follows that
n =
t−
i=1
2wi+1 + 2w′s =
t−
i=1
wi+1∈W
2wi+1 +
t−
i=1
wi+1∈V
2wi+1 + 2w′s .
If
∑t
i=1
wi+1∈V
2wi+1 ≠ 0, then
n =
 t−
i=1
wi+1∈W
2wi+1 + 2w′s
+ t−
i=1
wi+1∈V
2wi+1.
It contradicts n ∈ Ea. If∑t i=1
wi+1∈V
2wi+1 = 0, then
n =
t−
i=1
wi+1∈W
2wi+1 + 2w′s .
It contradicts n ∈ Ea.
Therefore we have s = 1, namely b = 2w′1 such that w′1 ≥ wt + 2. If w′1 − 1 ∈ W , then
n =
∑t
i=1 2wi + 2w
′
1−1

+ 2w′1−1. It contradicts n ∈ Ea. It follows that w′1 − 1 ∈ V . By 2w′1 < x,
there are at most A(V )(x) choices for b ∈ A(W ).
From the above arguments, we have Ea(x) ≤ 2A(V )(x)+ Oa(1). 
3. Proofs of Theorems
Proof of Theorem 1. By Lemma 1(b), we have A = A(W1) ∪ A(W2) is an asymptotic basis of order 2.
If neither W1 nor W2 contains consecutive integers, by Theorem A, we know that A is a minimal
asymptotic basis of order 2.
IfW2 contains consecutive integers, then, by 0 ∈ W1 and Lemma 3, we have
Ea(x) ≥ caA(W1)(x), a ∈ A(W2), x ≥ xa
and
Ea(x) ≥ caA(W2)(x), a ∈ A(W1), x ≥ xa.
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Since bothW1 andW2 are infinite, we have Ea(x)→+∞ as x →+∞. Thus A is aminimal asymptotic
basis of order 2.
IfW1 contains consecutive integers andW2 contains no consecutive integers, then, by 0 ∈ W1 and
Theorem B, we know that A is not a minimal asymptotic basis of order 2.
This completes the proof of Theorem 1. 
Proof of Theorem 2. By Lemma 1(b), we have A is an asymptotic basis of order h.
Suppose that A is a thin asymptotic basis of order h. Then there is a positive constant c such that
A(x) < cx
1
h for all x sufficiently large. Thus, by A(W )(2x+1) ≥ 2W (x) − 1, we have
2Wi(x) − 1 ≤ A(Wi)(2x+1) ≤ A(2x+1) < c(2x+1) 1h
for 1 ≤ i ≤ h and for all x sufficiently large. So 2Wi(x)−1 < c2 xh+1, namely
Wi(x) <
x
h
+ c1 (1)
for 1 ≤ i ≤ h and for all x sufficiently large, where
c1 = 2+ log c/ log 2.
By (1) andW1(x)+W2(x)+ · · · +Wh(x) = [x] ≥ x− 1, we have
Wi(x) ≥ x− 1−
h−
j=1
j≠i
Wj(x) >
1
h
x− (h− 1)c1 − 1 (2)
for 1 ≤ i ≤ h and all x sufficiently large. Therefore, by (1) and (2), we obtain Wi(x) = 1h x + O(1),
i = 1, . . . , h.
Conversely, suppose that Wi(x) = 1h x + O(1) for 1 ≤ i ≤ h and for all x sufficiently large.
Lemma 1(a) implies that there is a constant c2 > 0 such that
A(Wi)(x) < c2x
1
h
for all i and all x sufficiently large. Thus, A(x) < hc2x
1
h for large x, and A is a thin asymptotic basis of
order h.
This completes the proof of Theorem 2. 
Proof of Theorem 3. Let A = A(W1) ∪ A(W2) be a minimal asymptotic basis of order 2, and 0 ∈ W1.
By Theorem 1, we know that eitherW1 contains no consecutive integers, orW2 contains consecutive
integers or both.
Suppose that A is thin. If neitherW1 norW2 contains consecutive integers, by Theorem A, we know
that A is strongly minimal. So we may assume thatW2 contains consecutive integers. Since A is thin,
by Theorem 2, we have
W1(x) = 12x+ O(1), W2(x) =
1
2
x+ O(1).
Thus, by Lemma 1(a), there is a positive constant c1 such that
A(W1)(x) > c1x
1
2 , A(W2)(x) > c1x
1
2 (3)
for all x sufficiently large.
For any a ∈ A, by Lemma 3 and (3), there are two positive constants c2 and c3 such that
Ea(x) ≥ c2 min{A(W1)(x), A(W2)(x)} > c3x 12
for all x sufficiently large. Since A is thin, there exists a positive constant c4 such that A(x) ≤ c4x 12 for
all x sufficiently large. Therefore, for any a ∈ A, we have
Ea(x) > (c3/c4)A(x)
for all x sufficiently large. So A is a strongly minimal asymptotic basis of order 2.
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Conversely, suppose that A is a strongly minimal asymptotic basis of order 2. Then for any a ∈ A
there are two positive constants c5 and c6 such that
Ea(x) > c5A(x) > c6x
1
2 (4)
for all x sufficiently large. By Lemma 4, we have
Ea(x) ≤ 2A(W2)(x)+ Oa(1) for a ∈ A(W1),
Ea(x) ≤ 2A(W1)(x)+ Oa(1) for a ∈ A(W2).
So there is a positive constant c7 such that
A(W1)(x) > c7x
1
2 , A(W2)(x) > c7x
1
2 (5)
for all x sufficiently large. By A(W )(2x) ≤ 2W (x)+1 − 1 and (5), we have
2Wi(x)+1 ≥ A(Wi)(2x) > c7(2x) 12 , i = 1, 2.
Hence
Wi(x) >
x
2
+ (log c7/ log 2)− 1, i = 1, 2.
SinceW1(x)+W2(x) = x+ O(1), we have
W1(x) = 12x+ O(1), W2(x) =
1
2
x+ O(1).
By Theorem 2, we obtain that A is thin.
This completes the proof of Theorem 3. 
Proof of Theorem 4. By Lemma 1(b) we have A is an asymptotic basis of order h. For a ∈ A, without
loss of generality, we assume that a ∈ A(W1). Let Ea = hA\h(A\{a}). Nowwe prove that Ea is infinite.
Let
n = a+
h−
i=2
−
w∈[0,T ]∩Wi
2w,
where T is an integer with T > a such that each [0, T ] ∩Wi contains r consecutive integers. To prove
n ∈ Ea, it suffices to prove that if n = a1 + a2 + · · · + ah with ai ∈ A for 1 ≤ i ≤ h, then there exists
at least one ak = a.
Suppose that there exists j ≥ 2 such that
{a1, a2, . . . , ah} ⊆
h
l=1
l≠j
A(Wl).
Let {b + 1, b + 2, . . . , b + r} ⊆ [0, T ] ∩ Wj. Then by Lemma 2, there exists {a′1, . . . , a′h} ⊆h
l=1
l≠j
A(Wl) ∪ {0} such that
2b+1 + · · · + 2b+r = a′1 + · · · + a′h.
Since
a′i ∉ A(Wj), i = 1, . . . , h,
we have
a′i ≤ 20 + 21 + · · · + 2b = 2b+1 − 1, i = 1, . . . , h.
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It follows that
2b+1 + · · · + 2b+r ≤ h(2b+1 − 1) < h2b+1.
That is 2r − 1 < h. So 2r ≤ h. It contradicts r > log h/ log 2. Hence, for any j ≥ 2, we have
{a1, a2, . . . , ah} ⊈
h
l=1
l≠j
A(Wl).
Renumbering the indexes, we may assume that
ai ∈ A(Wi), i = 2, 3, . . . , h.
Since T > a, we have
n = a+
h−
i=2
−
w∈[0,T ]∩Wi
2w ≤
T−
i=0
2i = 2T+1 − 1.
Thus
ai < 2T+1 − 1, for i = 2, . . . , h,
and so −
w∈[0,T ]∩Wi
2w − ai ∈ A(Wi) ∪ {0}, i = 2, . . . , h.
It follows that
a1 = a+
h−
i=2
 −
w∈[0,T ]∩Wi
2w − ai

.
Since a ∈ A(W1)(a ≠ 0), W1, . . . ,Wh are disjoint, and the binary representation of a1 is unique, we
have a1 = a.
Therefore n ∈ Ea, and Ea is infinite.
This completes the proof of Theorem 4. 
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